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Abstract This study describes an analytical model and

experimental verifications of transport of non-magnetic

spherical microparticles in ferrofluids in a microfluidic

system that consists of a microchannel and a permanent

magnet. The permanent magnet produces a spatially non-

uniform magnetic field that gives rise to a magnetic

buoyancy force on particles within ferrofluid-filled micro-

channel. We obtained trajectories of particles in the

microchannel by (1) calculating magnetic buoyancy force

through the use of an analytical expression of magnetic

field distributions and a nonlinear magnetization model of

ferrofluids, (2) deriving governing equations of motion for

particles through the use of analytical expressions of

dominant magnetic buoyancy and hydrodynamic viscous

drag forces, (3) solving equations of motion for particles in

laminar flow conditions. We studied effects of particle size

and flow rate in the microchannel on the trajectories of

particles. The analysis indicated that particles were

increasingly deflected in the direction that was perpendic-

ular to the flow when size of particles increased, or when

flow rate in the microchannel decreased. We also studied

‘‘wall effect’’ on the trajectories of particles in the micro-

channel when surfaces of particles were in contact with

channel wall. Experimentally obtained trajectories of par-

ticles were used to confirm the validity of our analytical

results. We believe this study forms the theoretical

foundation for size-based particle (both synthetic and

biological) separation in ferrofluids in a microfluidic

device. The simplicity and versatility of our analytical

model make it useful for quick optimizations of future

separation devices as the model takes into account impor-

tant design parameters including particle size, property of

ferrofluids, magnetic field distribution, dimension of

microchannel, and fluid flow rate.

Keywords Microfluidics � Separation � Particle

transport � Ferrofluid � Magnetic buoyancy force

1 Introduction

Recently, microfluidic particle separation has drawn a lot

of attentions, mainly because of its potential diagnostic and

therapeutic applications such as in cancer diagnosis (Li

et al. 2002; Nagrath et al. 2007), blood cleansing (Toner

and Irimia 2005; Yung et al. 2009), pathogen detection

(Easley et al. 2006; Cho et al. 2007), and so on. A range of

techniques have been developed to manipulate particles

based on their intrinsic physical properties (e.g., size,

shape, density, compressibility, polarizability) in micro-

fluidic devices, as detailed in three excellent reviews by

Pamme (2007), Tsutsui and Ho (2009), and Gossett et al.

(2010). These label-free microfluidic techniques are

sometimes preferred over conventional ones such as fluo-

rescence-activated cell sorter (FACS) (Bonner et al. 1972)

and magnetic-activated cell sorter (MACS) (Miltenyi et al.

1990) because microfluidic techniques are cost-effective,

require little user training for operation, and do not rely on

the fluorescent or magnetic labels (Kumar and Bhardwaj

2008; Gossett et al. 2010). Among label-free techniques,

those based on channel design (e.g., pinched flow frac-

tionation (Yamada et al. 2004) and hydrodynamic filtration
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(Yamada and Seki 2005)) and deterministic lateral dis-

placement (Huang et al. 2004; Davis et al. 2006) combine

laminar flows with microchannel geometries or micropost

array to direct particles of different sizes into separate flow

streamlines. Deterministic hydrodynamics separation is

capable of separating sub-micron particles as well as DNA

molecules with 10 nm resolutions (Huang et al. 2004;

Davis et al. 2006). Continuous inertial separation of par-

ticles, recently reviewed by Di Carlo (2009), uses balance

between inertial lift force and Dean drag forces in curved

microchannel for size-dependent separation of particles

and cells. In addition to these schemes, researchers are also

interested in particle sorting using external energy inputs.

For example, techniques based on acoustophoresis can

separate particles and cells according to their size, density,

as well as compressibility at very high throughput (Laurell

et al. 2007; Petersson et al. 2007; Shi et al. 2009).

Dielectrophoretic force (DEP), arising from interactions of

a cell’s induced dipole and its surrounding spatial gradient

of electrical field (Voldman 2006), has potential to realize

low-cost and integrated devices for high-throughput

manipulation of cells. Magnetophoresis uses functionalized

magnetic beads to label and separate target particles and

cells (Pamme and Manz 2004; Pamme 2006; Pamme and

Wilhelm 2006) except in the cases of manipulation of red

blood cells and magnetotactic bacteria, both of which are

paramagnetic by themselves (Schuler and Frankel 1999;

Zborowski et al. 2003; Han and Frazier 2004; Lee et al.

2004). Applications of magnetophoresis in microfluidics

have been detailed by three excellent reviews by Pamme

(2006), Liu et al. (2009), and Gijs et al. (2010).

More recently, a new approach to magnetically

manipulate and sort particles and cells has been developed

using ferrofluids (Yellen et al. 2005; Kose et al. 2009;

Krebs et al. 2009; Zhu et al. 2010). Ferrofluids are col-

loidal suspensions of magnetic nanoparticles (Rosensweig

1985). The nanoparticles, usually magnetite (Fe3O4) with

approximately 10 nm diameter, are covered by surfactants

to keep them apart, and suspended within a compatible

liquid medium. The liquid medium is typically water for

biomedical applications. Ferrofluid hydrodynamics (ferro-

hydrodynamics), which deals with mechanics of ferrofluid

motion under external magnetic fields, has been studied

extensively in the past 50 years (Rosensweig 1985). The

majority of scientific findings, as well as the applications

of ferrofluids, has been summarized in several books by

Rosensweig (1985), Berkovsky et al. (1993), and Oden-

bach (2002). In applications of particle manipulation, the

purpose of using ferrofluids is to induce an effective

magnetic dipole moment within the non-magnetic object

immersed in ferrofluids. The object will experience a

magnetic buoyancy force under non-uniform magnetic

fields (Rosensweig 1966). This phenomenon has been used

to order synthetic particles to form two-dimensional

crystalline structures within ferrofluids (Skjeltorp 1983;

Pieranski et al. 1996). Ferrofluids in the past have

also been used for separating ores by their densities

(Rosensweig 1985; Rosensweig et al. 1987). In this case,

non-uniform magnetic fields were used to create magnetic

pressure distribution in the ferrofluid, which acted as if it

had variable density at different height. The similar prin-

ciple was recently applied by Whitesides’ group to sepa-

rate large synthetic particles according to their densities’

difference in paramagnetic salt (e.g., MnCl2, GdCl3)

solutions (Winkleman et al. 2007; Mirica et al. 2009,

2010). Pamme’s group also demonstrated continuous

particle focusing and separation using paramagnetic salt

solution in microfluidic devices (Peyman et al. 2009).

Magnetic susceptibility of a typical paramagnetic salt

solution is about 5–6 orders of magnitude weaker than that

of a typical ferrofluid. For example, 1 M concentration of

MnCl2 has a susceptibility of *10-6, while a ferrofluid

with 10% volume ratio has a susceptibility of *1

(Rosensweig 1985; Mirica et al. 2009). Weaker suscepti-

bility of paramagnetic salt solution typically translates

to slower manipulation and separation speed. Lately,

Friedman’s group demonstrated transportation and

assembly of colloidal particles inside ferrofluids on top of

a substrate with microfabricated periodic micromagnets

and suggested a particle sorting scheme (Yellen et al.

2005). Yellen’s group successfully created linearly

ordered cellular structures inside a bovine serum albumin

(BSA) passivated magnetite ferrofluid with a simple

electromagnet (Krebs et al. 2009). Koser’s group studied

the traveling wave magnetic field effect on the ferrofluids

dynamics at both macro- and micro-scale (Mao and Koser

2005, 2006). They found a strong dependence of ferrofluid

pumping magnitude on both the magnetic field excitation

frequency and the traveling magnetic field wavelength.

The traveling wave magnetic field was later used to

demonstrate an integrated microfluidic platform for con-

trolled sorting of micron-sized particles and live cells

within a citrate stabilized cobalt-ferrite ferrofluid in static

flow conditions (Kose et al. 2009). Mao’s group demon-

strated a high-efficiency and high-throughput continuous

flow particle separation scheme in ferrofluids in a micro-

fluidic device incorporating a simple hand-held permanent

magnet (Zhu et al. 2010). Permanent magnet-based devi-

ces have a number of advantages over the ones with

microfabricated micromagnets or current-carrying elec-

trodes in that they do not need expensive microfabrication

process and auxiliary power supply. They are easy to

operate and do not generate heat. The magnetic field

produced by permanent magnet is substantially larger

than the ones produced by the micromagnets and electrodes.

As such, permanent magnet-based devices hold great
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potentials for low-cost and user-friendly particle and cell

separation systems with high-efficiency and -throughput.

However, using water-based ferrofluids with high con-

centration of magnetic nanoparticles for live cell manipu-

lation and separation has been proven to be difficult in the

past (Kose et al. 2009). The material of nanoparticles, pH

value, and stabilizing surfactant of the ferrofluid need to be

rendered bio-compatible with live cells, while the overall

colloidal system of ferrofluids must be maintained. Typi-

cally, nanoparticles within the ferrofluid for biological

applications are made of magnetite (iron oxide) (Odenbach

2002; Pankhurst et al. 2003). The advantage of magnetite is

that it is air stable against further oxidation and is bio-

compatible even if the outer surfactant layers covering

the nanoparticles disassociate (Weissleder et al. 1989;

Muldoon et al. 2005). Magnetite particles have also been

approved for uses as magnetic resonance imaging (MRI)

contrast agents by Food and Drug Administration (FDA) in

the United States (Willard et al. 2004). The pH value of

ferrofluids needs to be compatible with the cell culture and

maintained at 7.4. Stabilizing surfactant for ferrofluid

preparation must be carefully chosen to reduce the possi-

bility of cell death. Two groups successfully demonstrated

the synthesis of bio-compatible ferrofluids for live cell

manipulation. Yellen’s group used BSA to passivate

magnetite nanoparticles (Krebs et al. 2009), while Koser’s

group used citrate to stabilize cobalt-ferrite nanoparticles

(Kose et al. 2009). Viability tests from both groups have

shown that live cells were able to retain their viability for

up to several hours within the ferrofluids. Another issue

associated with using ferrofluids for particle and cell

manipulation and separation is their opaqueness. Reason

for the opaqueness of ferrofluids can be explained from

considerations of magnitude of optical depth s = nrl

(Rosensweig 1966), where n is concentration of magnetic

nanoparticles in the ferrofluid, r is optical cross-sectional

area of a nanoparticle, i.e., geometric projected area of the

nanoparticle, and l is length of optical path. If we define I0

as fluorescent intensity of particle, and I as observed

intensity after a given optical path through ferrofluids,

I/I0 = e-s. It is clear that ferrofluids with relatively low

solid volume fraction are preferred for particle observation

because of their small optical depth. In reality, particles or

cells within ferrofluids need to be both fluorescently

labeled and close to the channel surface for direct obser-

vation under microscope.

In this paper, we developed an analytical model to

describe transport of non-magnetic particles within ferro-

fluids in a microfluidic system consisting of a microchannel

and a permanent magnet. Numerical models using finite

element analysis (FEA) have been developed in the past for

magnetophoretic particle transport within microfluidic

devices, in which the particles themselves were magnetic,

while the surrounding medium was non-magnetic (Pham

et al. 2000; Smistrup et al. 2005; Gassner et al. 2009).

The accuracy of numerical approaches depends heavily on

mesh quality. They are not suitable for parametric studies

aimed for quick device design and optimization. Analytical

models were developed to enable accurate and fast para-

metric analysis of large-scale magnetophoretic systems

(Furlani 2006; Furlani and Sahoo 2006). However, few have

considered the opposite case, where the particles were non-

magnetic and the surrounding medium was magnetic (e.g.

ferrofluids). We derived the equations of motion for parti-

cles in ferrofluids using analytical expressions for dominant

magnetic and hydrodynamic forces. The magnetic force is

obtained by using an analytical expression of magnetic field

distributions in microchannel, in conjunction with a non-

linear magnetization model of ferrofluids. The model

developed here can predict the transport of non-magnetic

particles in ferrofluids under the influence of a permanent

magnet in a microchannel. The model is also able to per-

form parametric analysis for quick device optimizations.

2 Theory

2.1 Force analysis

The system considered in the model consists of a micro-

fluidic channel and a permanent magnet, as illustrated in

Fig. 1a. Dimensions of the channel and the magnet are

labeled in Fig. 1b, c. The microfluidic channel is filled with

ferrofluids. Non-magnetic spherical particles are intro-

duced into the microchannel via inlet at the center point.

Without external magnetic fields, the particles are expected

to exit the channel outlet at the center point, too. When a

rectangular permanent magnet is placed at the center of

channel length with its direction of magnetization per-

pendicular to channel wall, the bias field magnetizes the

ferrofluid within the microchannel and subsequently

deflects the particles’ trajectories. The trajectories can be

analyzed by considering dominant magnetic and hydrody-

namic forces in the equations of motion. Typically, particle

transport in ferrofluids under external magnetic fields is

governed by various forces and interactions including

magnetic buoyancy force, hydrodynamic viscous drag

force, gravity, buoyancy force, particle and microchannel

surface interaction (van der Waal’s force, electrostatic

force and lubrication force), diffusion due to Brownian

motion, particle and fluid interaction, interparticle effects

(magnetic dipole–dipole interaction). For micron-sized

particles in ferrofluids, only the magnetic and viscous

forces are dominant. For example, we compute the gravi-

tational and buoyant forces, Fg ¼ 4
3
qppR3

pg, and Fb ¼
4
3
qfpR3

pg. For a 2 lm (Rp = 1 lm) polystyrene particle in
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EMG 408 ferrofluid (qp = 1050 kg/m3, qf = 1070 kg/m3,

g = 9.8 m/s), we obtain Fg = 4.31 9 10-2 pN, and

Fb = 4.39 9 10-2 pN, both of which are approximately

two orders of magnitude smaller than magnetic buoyancy

force (*pN). The molecular and electrical interaction

between particles and surfaces of microchannel is referred

as Derjaguin–Landau–Verwey–Overbeek (DLVO) force.

DLVO force is a combination of the van der Waal’s force

and the electrostatic force. Electrostatic force can be either

repulsive or attractive, while the van der Waal’s force is

always attractive. It is usually beneficial to treat surfaces of

microchannel chemically and render the electrostatic force

repulsive to avoid problems of particles sticking to channel

surfaces (Liu et al. 2009). DLVO force can be neglected

after the proper surface treatment. The close proximity

between particles and channel surface also affects the

magnitude of hydrodynamic viscous drag force by intro-

ducing a non-dimensional factor accounting for the ‘‘wall

effect’’ (Ganatos et al. 1980; Krishnan and Leighton 1995;

Wirix-Speetjens et al. 2005), which will be discussed in

details in Sect. 2.3. Moreover, hydrodynamic lift force

(Leighton and Acrivos 1985; Krishnan and Leighton 1995),

caused by viscous flow over a particle near channel surface,

tries to levitate the particle and produces a lifting force,

Fl = 9.22 qpRp
4c2, where c is shear rate at the channel

surface. Magnitude of the lifting force is much smaller than

pN and is therefore neglected in the following analysis.

When non-magnetic particles are sufficiently small,

Brownian motion and diffusion start to affect the trajec-

tories of the particles in ferrofluids. To estimate this effect,

we obtain the diffusion coefficient, D, of a particle inside

ferrofluids according to the Stokes–Einstein relation

(Einstein 1956), D ¼ kBT
6pgRp

. For a 10 lm (Rp = 5 lm)

polystyrene particle in a commercially available EMG 408

water-based ferrofluid (g = 1.2 9 10-3 kg/m s), its diffu-

sion coefficient is 3.6 9 10-14 m2/s at room temperature.

After 20 s of diffusion, the particle will move an average

distance of 0.9 lm. For a 1 lm (Rp = 0.5 lm) polystyrene

particle, its diffusion coefficient is about one order larger

than that of 10 lm particle, and the average diffusion dis-

tance increases to 2.7 lm. Even for 1 lm particles, diffusion

effect is second order compared to magnetic and hydrody-

namic forces. Concentration of non-magnetic particles in

ferrofluids is assumed to be low such that interparticle

effects and particle/fluid interactions can also be neglected.

2.2 Magnetic buoyancy force

Commercial ferrofluids typically consist of magnetite

(Fe3O4) nanoparticles with approximately 10 nm diameter.

For example, the mean diameter of nanoparticles of EMG

Fig. 1 a Schematic representation of the microfluidic system with a

permanent magnet and a microchannel. Non-magnetic microparticles

and ferrofluid mixture were introduced into the microfluidic channel

Inlet 2 and hydrodynamically focused by the ferrofluid sheath flow

from Inlet 1. Upon entering the main channel, deflection of

microparticles from their flow paths occurred because of non-uniform

magnetic fields produced by a long NdFeB permanent magnet

embedded into the microfluidic channel. The motion of the particles

was imaged through a 95 objective and a CCD camera. Inset shows

an image of the fabricated device. b The dimensions of the

microfluidic channel and the magnets, and their relative locations.

Lc = 1 cm, 2w = 6.35 mm, 2h = 1.59 mm, t = 2.24 mm, wc1 =

485 lm, wc2 = 30 lm. x–y coordinate system is within the perma-

nent magnet, with its origin at the center of the cross-section of the

magnet. x0–y0 coordinate system is within the microchannel, with its y0

origin at the half width of the microchannel. c The cross-section of the

microfluidic channel. hc = 26 lm and wc = 1,000 lm
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408 ferrofluids from Ferrotec Co. has been determined

from transmission electron microscopy (TEM) images to

be 10.2 nm with a standard deviation of 1.25 nm (see

Fig. 2a). This dilute ferrofluids exhibit superparamagnetic

behavior illustrated by the magnetization curve shown in

Fig. 2b. The saturation magnetization of ferrofluids is

generally low compared to that of ferromagnetic materials.

The saturation magnetization of a ferrofluid, MSAT, equals

to /Md, where / is the volume fraction of the magnetic

content and Md is the saturation moment of the bulk

material. EMG 408 ferrofluid with a solid volume fraction

of 1.1% has a saturation magnetization of 5,252 A/m,

given that the saturation moment of Fe3O4 is 44,600 A/m

(Rosensweig 1985). The magnetization curve of a low-

concentration ferrofluid can be modeled accurately by

considering the magnetic nanoparticles as a collection of

individual and non-interacting magnetic dipoles. This

approach leads to the Langevin function of ferrofluid

magnetization (Rosensweig 1985),

M

/Md

¼ M

MSAT

¼ LðaÞ ¼ cothðaÞ � 1

a
ð1Þ

where a ¼ pl0MdHd2

6kBT , l0 is permeability of free space, H is

magnitude of non-uniform magnetic fields, d is mean

diameter of nanoparticle, kB is Boltzmann constant, T is

temperature.

Under non-uniform magnetic fields, particles inside

ferrofluids experience a magnetic buoyancy force, Fm. The

magnitude of force can be calculated from a Maxwell stress

tensor (Rosensweig 1985),

Fm ¼ �
I

S

1

2
l0M2

n þ l0

ZH

0

MdH

0
@

1
An̂dS ð2Þ

where S is surface that just encloses the non-magnetic

particle, H is magnitude of non-uniform magnetic fields, n̂

is outward-directed unit normal vector at the particle

surface, and Mn is normal component of ferrofluid

magnetization adjacent to the surface S enclosing the

particle. In the limit of dilute ferrofluid or intense applied

magnetic field, 1
2

M2
n=

�MH � 1, where �M is mean ferrofluid

magnetization. Therefore, magnetic buoyancy force on a

non-magnetic particle inside ferrofluids can be simply

expressed as,

Fm ¼ �Vl0ðM � rÞH ð3Þ

where V is volume of the non-magnetic particle, M is

effective magnetization of the ferrofluid surrounding the

particle, and H is magnetic field strength at the center of the

particle. The presence of the minus sign in front of the term

indicates non-magnetic particle immersed in ferrofluids

experiences a force in the direction of weaker magnetic field.

Effective ferrofluid magnetization, M, is related to the

magnetization of ferrofluid Mf through a ‘‘demagnetization’’

factor, which accounts for shape-dependent demagnetization

of ferrofluids due to presence of the non-magnetic particle.

Equation 3 takes magnetic field, H, to be the field

at the center of the particle inside ferrofluid sample.

Experimentally, permanent magnet produces an external

field, He, in the place where ferrofluid channel is located. It is

necessary to determine the value of field inside ferrofluids

sample H by relating it to applied field He.

Fig. 2 a Probability density function (PDF) for magnetic nanopar-

ticle sizes was obtained via TEM images from 240 individual,

randomly selected nanoparticles. Diameter (DTEM) of nanoparticles

displays a log-normal distribution (mean, l = 10.2 nm; standard

deviation, r = 1.25 nm). Inset depicts a typical TEM image of

nanoparticles. The scale bar represents 40 nm. b The theoretical and

normalized Langevin curve as a function of the magnetic field

strength. M is the magnetization of the ferrofluid and MSAT is the

saturation magnetization. The ferrofluid parameters used to construct

this curve matches the properties of EMG 408 water-based ferrofluid

used in the experiments. EMG 408 ferrofluid is assumed to be

superparamagnetic because of its low solid volume fraction
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H ¼ He � c �Mf ð4Þ

where c is ‘‘demagnetization’’ factor of rectangular ferro-

fluid-filled microchannel. Ferrofluid magnetization Mf in

our case is much smaller than the external field He pro-

duced by a Neodymium–Iron–Boron (NdFeB) magnet. As

a result, magnetic field at the center of the particle H can be

approximated as external field He.

In order to calculate the magnitude of magnetic

buoyancy force, we need to know the effective magneti-

zation of ferrofluid, M, adjacent to the particle. The

nonlinearity of ferrofluid magnetization makes the iden-

tification of the effective magnetization, M, complicated.

In a very weak magnetic field (H � HSAT, where HSAT is

magnitude of the minimal magnetic field strength to sat-

urate ferrofluids), we can linearize the Langevin curve to

define an initial magnetic susceptibility v and form an

effective dipole moment -VvH for the particle. Shape

dependent ‘‘demagnetization’’ field needs to be considered

under this assumption. In a large magnetic field that sat-

urates ferrofluids, effective magnetic moment of a particle

immersed in ferrofluids can be extracted as -VMSAT, and

particle shape has virtually no influence on this force

expression because demagnetization is not significant

when MSAT � H (Jones 1995). When applied magnetic

fields fall in between the above-mentioned extreme cases,

we can obtain magnetization of the ferrofluid, Mf, from

the Langevin curve and decide whether or not to apply

‘‘demagnetization’’ factor depending on the magnitude of

external magnetic fields. In this paper, EMG 408 ferro-

fluid used in our experiment is dilute, and external mag-

netic field is much larger than saturation magnetization of

this ferrofluid. Therefore, we can assume ‘‘demagnetiza-

tion’’ field is small enough so that M equals to Mf. The

value of Mf can be calculated from the Langevin

function.

The magnetic buoyancy force can be expressed in both

x and y components,

Fmðx; yÞ ¼ Fmxðx; yÞx̂þ Fmyðx; yÞŷ ð5Þ

where

Fmxðx; yÞ ¼ �Vl0 Mx
oHxðx; yÞ

ox
þMy

oHxðx; yÞ
oy

� �
ð6Þ

Fmyðx; yÞ ¼ �Vl0 Mx
oHyðx; yÞ

ox
þMy

oHyðx; yÞ
oy

� �
ð7Þ

where

M ¼ /Md � cothðaÞ � 1

a

� �
ð8Þ

Mx ¼ M � cos tan�1 Hy

Hx

� �
ð9Þ

My ¼ M � sin tan�1 Hy

Hx

� �
ð10Þ

Analytical solutions for magnetic fields of a single long

rectangular permanent magnet of width 2w and height

2h that is centered with respect to the origin in the

x–y plane can be derived as following (Furlani 2006).

Assume the magnet has a residual magnetization MS,

Hxðx; yÞ ¼
MS

4p

(
ln
ðxþ wÞ2 þ ðy� hÞ2

ðxþ wÞ2 þ ðyþ hÞ2

" #

� ln
ðx� wÞ2 þ ðy� hÞ2

ðx� wÞ2 þ ðyþ hÞ2

" #) ð11Þ

Hyðx; yÞ ¼
MS

2p

(
tan�1 2hðxþ wÞ

ðxþ wÞ2 þ y2 � h2

" #

� tan�1 2hðx� wÞ
ðx� wÞ2 þ y2 � h2

" #) ð12Þ

The expressions for the magnetic field gradients are,

oHxðx; yÞ
ox

¼ MS

2p

�
xþ w

ðxþ wÞ2 þ ðy� hÞ2

� xþ w

ðxþ wÞ2 þ ðyþ hÞ2
� x� w

ðx� wÞ2 þ ðy� hÞ2

þ x� w

ðx� wÞ2 þ ðyþ hÞ2
�

ð13Þ

oHxðx; yÞ
oy

¼ MS

2p

�
y� h

ðxþ wÞ2 þ ðy� hÞ2

� y� h

ðx� wÞ2 þ ðy� hÞ2
� yþ h

ðxþ wÞ2 þ ðyþ hÞ2

þ yþ h

ðx� wÞ2 þ ðyþ hÞ2
�

ð14Þ

oHyðx; yÞ
ox

¼ MS

p

(
h y2 � ðxþ wÞ2 � h2
h i

ðxþ wÞ2 þ y2 � h2
h i

þ 4h2ðxþ wÞ2

�
h y2 � ðx� wÞ2 � h2
h i

ðx� wÞ2 þ y2 � h2
h i

þ 4h2ðx� wÞ2

)
ð15Þ

oHyðx; yÞ
oy

¼ 2�MS

p

(
hyðx� wÞ

ðx� wÞ2 þ y2 � h2
h i

þ 4h2ðx� wÞ2

� hyðxþ wÞ
ðxþ wÞ2 þ y2 � h2
h i

þ 4h2ðxþ wÞ2

)
ð16Þ

2.3 Hydrodynamic drag force

When a non-magnetic particle is driven by magnetic

buoyancy force and moves in ferrofluids, the resistance
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from ferrofluids is named hydrodynamic drag force.

The force is caused by the viscosity of medium and can be

calculated for a spherical particle in a low Reynolds

number flow (Deen 1998),

Fd ¼ 3pgDp vf � vp

� �
fD ð17Þ

where g is viscosity of ferrofluids, Dp is diameter of spherical

particle, and vf and vp are velocity vectors of ferrofluids and

the particle, respectively. fD is hydrodynamic drag force

coefficient of the particle and incorporates the influence of a

solid surface in the vicinity of the moving particle (‘‘wall

effect’’). It is a resistance function of the hydrodynamic

interaction between the particle and surface. Its

appearance indicates increased fluid viscosity the large

particle experiences as it moves close to the microfluidic

channel surface (Ganatos et al. 1980; Wirix-Speetjens

et al. 2005),

fD ¼
"

1� 9

16

Dp

Dp þ 2zp

� �
þ 1

8

Dp

Dp þ 2zp

� �3

� 45

256

Dp

Dp þ 2zp

� �4

� 1

16

Dp

Dp þ 2zp

� �5
#�1 ð18Þ

where zp is distance between surface of the particle and

channel wall.

To evaluate the drag force, we need an expression for the

fluid velocity, vf, in the rectangular microfluidic channel

depicted in Fig. 1. Let Lc denote length of the channel and hc

and wc denote height and width of its rectangular cross-

section. The laminar nature of flow is estimated from the

Reynolds number Re ¼ qU0L0

g , where U0 is characteristic

velocity of the flow, L0 is characteristic dimension of the

microchannel, q and g are density and viscosity of the fluid,

respectively. Typically, U0 = 0.001 m/s, L0 = 20 lm,

q = 1000 kg/m3, g = 0.001 kg/m s. Therefore, Re = 0.02,

indicating laminar flow. We assume fully developed laminar

flow with the flow velocity parallel to the x0-axis, and varying

across its cross-section,

vf ¼ vf y0; z0ð Þx̂ ð19Þ

We choose to use coordinates y0 and z0 centered with

respect to the cross-section of the channel, and this

coordinate system differs from the coordinate system

used for magnetic field analysis (Furlani and Sahoo

2006). The velocity profile for fully developed laminar

flow is expressed as (Brody et al. 1996; Ichikawa et al.

2004),

vf ¼
DP

Lc

� �
4h2

c

gp3

� �X1
n¼0

ð�1Þn

ð2nþ 1Þ3
� 1�

cosh
ð2nþ1Þpy0

hc

cosh
ð2nþ1Þpwc

2hc

( )

� cos
ð2nþ 1Þpz0

2hc

ð20Þ

where DP is change in pressure across the length Lc of the

channel. Channel aspect ratio is defined as e ¼ hc=wc.

Under the condition of 0\e\2, calculation error is found

to be less than 1% when only n = 0 and 1 terms are used to

represent the flow profile in microchannels (Ichikawa et al.

2004).

vf ¼
DP

Lc

� �
4h2

c

gp3

� �(
1�

cosh py0

hc

cosh pwc

2hc

" #

� cos
pz0

hc

� 1

27
1�

cosh 3py0

hc

cosh 3pwc

2hc

" #
� cos

3pz0

hc

) ð21Þ

In a typical microfluidic experiment setup, volumetric

flow rate, Q, instead of pressure drop across the channel, is

available to the experimenter. Therefore, we rewrite the

pressure drop in terms of the flow rate,

DP ¼ QLcgp4

8wch3
c

�
(

1� 2hc

pwc

tanh
pwc

2hc

� �� �

þ 1

81
1� 2hc

3pwc

tanh
3pwc

2hc

� �� �)�1 ð22Þ

Finally, the expression for fluid velocity, vf, in the

rectangular microfluidic channel is,

vf ¼
Qp

2wchc

�
(

1� 2hc

pwc

tanh
pwc

2hc

� �� �

þ 1

81
1� 2hc

3pwc

tanh
3pwc

2hc

� �� �)�1

�
(

1�
cosh py0

hc

cosh pwc

2hc

" #
� cos

pz0

2hc

� 1

27
1�

cosh 3py0

hc

cosh 3pwc

2hc

" #
� cos

3pz0

hc

)

ð23Þ

2.4 Equations of motion

The equations of motion for a non-magnetic particle in the

microchannel are,

m
dvp;x

dt
¼ Fmx x; yð Þ þ 3pgDp vf � vp;x

� �
fD ð24Þ

m
dvp;y

dt
¼ Fmy x; yð Þ � 3pgDpvp;yfD ð25Þ

Since the Reynolds number in microfluidic channels is

very small, normally on the order of 0.01, viscous effect

often dominates over inertial effect. As a result, the left hand

side terms of Eqs. 24 and 25 reduce to zero, which leads to,

vp;x ¼
dx

dt
¼ Fmx þ 3pgDpvf fD

3pgDpfD
ð26Þ
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vp;y ¼
dy

dt
¼ Fmy

3pgDpfD
ð27Þ

With initial conditions x(0) and y(0), these two ordinary

differential equations can be solved numerically using

Runge–Kutta method. We solved them in MATLAB

(Version R2007a, Mathworks Inc., Natick, MA) using

ode45 function, which is an automatic step-size Runge–

Kutta integration method using a fourth and fifth order pair.

3 Experimental details

A microfluidic device with one NdFeB permanent magnet

was fabricated to experimentally study the trajectories of

particles, as shown in the inset of Fig. 1a. EMG 408 fer-

rofluid was used in the experiments. The volume fraction of

the magnetite particles for this ferrofluid is 1.1%, corre-

sponding to a saturation magnetization of 5,252 A/m. The

viscosity of the ferrofluid was measured to be 1.2 N s/m2

by a rheometer (DV-III?, Brookfield Engineering Labo-

ratories Inc., Middleboro, MA). Two different sizes

(4.8 lm and 7.3 lm in diameters) of green fluorescent

polystyrene spherical particles (Thermo Fisher Scientific

Inc., Waltham, MA) with a density of 1.05 g/cm3 were

used. The coefficient of variation (the ratio of the standard

deviation to the mean) of the particle diameters was less

than 5%. Fluorescent particles suspension was first diluted

with DI water containing 0.1% Tween 20 to prevent par-

ticle aggregation, then mixed with ferrofluids for flow

experiments. PDMS microfluidic channel was fabricated

through a standard soft-lithography approach and attached

to the flat surface of another piece of PDMS (Xia and

Whitesides 1998). The mask was created using AutoCAD

2008 (Autodesk Inc., San Rafael, CA) and printed by a

commercial photo-plotting company (CAD/Art Services

Inc, Bandon, Oregon). Dimensions of the microfluidic

channel are listed in Fig. 1. The thickness of the channel

was measured to be 26 lm by a profilometer (Dektak 150,

Veeco Instruments Inc., Chadds Ford, PA). PDMS surfaces

were treated before attachment with plasma (PDC-32G

plasma cleaner, Harrick Plasma, Ithaca, NY) at 11.2 Pa O2

partial pressure with 18 W power for 1 min. The flow

experiment was conducted on the stage of an inverted

microscope (Zeiss Axio Observer, Carl Zeiss Inc.,

Germany). Before liquid injection, completed device was

exposed again to plasma for 10 min to keep the surfaces

hydrophilic. Triton X-100 solution was injected into the

channel. The solution was kept in the channel for 20 min

then purged with N2 gas. This step ensured that the poly-

styrene particles would not attach to PDMS surfaces during

experiments. The microfluidic channel was afterwards fil-

led with air-bubble free EMG 408 ferrofluid. During

experiments, ferrofluid injection into Inlet 1 was main-

tained at variable flow rates using a syringe pump (KDS

101, KD Scientific, Holliston, MA). Ferrofluid and parti-

cles mixture were injected into Inlet 2 using a second

syringe pump (Nexus 3000, Chemyx Inc., Stafford, TX).

Non-uniform magnetic field was generated by one NdFeB

permanent magnet with the magnetization directed across

its thickness. The magnet is 6.35 mm in width, 1.59 mm in

thickness and 25.4 mm in length, and was placed 2.24 mm

away from microfluidic channel. The magnetic flux density

at the center of the magnets’ pole surface was measured to

be 159.9 mT by a Gauss meter (Model 5080, Sypris,

Orlando, FL) and an axial probe with 0.381 mm diameter

of circular active area. The images of fluorescent particles

were recorded through a fluorescent filter set (41001 FITC,

Chroma Technology Corp., Rockingham, VT) and a 95

objective with a CCD camera (SPOT RT3, Diagnostic

Instruments, Inc., Sterling Heights, MI). ImageJ� software

was used to record the trajectories and deflections of the

particles inside ferrofluids.

4 Results and discussion

We obtained the theoretical trajectories of non-magnetic

particles in a microfluidic system depicted in Fig. 1a by

solving Eqs. 26 and 27 numerically using ode45 function

in MATLAB. Specifically, we studied the spherical parti-

cles with variable diameters from 1 to 10 lm in a micro-

fluidic system that consists of a microchannel that is 26 lm

high, 1,000 lm wide, and 1 cm long (Lc = 1 cm, hc =

26 lm and wc = 1,000 lm). Total flow rate, Q, at the inlet

of the microchannel was varied between 5 and

25 ll/min. The ferrofluid in the microchannel had a vis-

cosity of 1.2 N s/m2 and a saturation magnetization of

5,252 A/m. The volume fraction of the ferrofluid was

1.1%. The mean diameter of nanoparticles was 10 nm. The

permanent magnet was placed at the center of the length of

the microchannel with its direction of magnetization per-

pendicular to the flow. The distance between the magnet

and the channel was 2.24 mm (edge to edge). Throughout

the analysis we assumed that the residual flux density

(l0MS) of the permanent NdFeB magnet was 1.13 T. The

magnet was 6.35 mm in width (2w), 1.59 mm in height

(2h) and 25.4 mm in length. These simulation parameters

were chosen to match the experimental conditions.

Magnitude of magnetic buoyancy force depends on both

the external magnetic fields and the field gradient. It is thus

important to model magnetic fields from a permanent

magnet with great precision. We chose to use an analytical

approach instead of numerical FEA approach to calculate

magnetic fields. Analytical solution provides exact values

of field and its gradient at each point of interest, while
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solutions from FEA depends heavily on the mesh quality,

which will likely introduce error into magnetic buoyancy

force calculation. Equations 11–16 are analytical solutions

of magnetic field and field gradient for an infinitely long

permanent magnet with 2w width and 2h height. The

direction of the magnetization is across the magnet’s

thickness. Analytical solutions, numerical FEA solutions,

as well as measurement data from a Gauss meter of mag-

netic fields were compared for the permanent magnet. FEA

solution of the permanent magnet was calculated by mag-

netostatics solvers in COMSOL Multiphysics (Version

3.5a, COMSOL Inc., Burlington, MA). A 2D solver was

used to compute the field in a 0.5 m 9 0.2 m region con-

taining the permanent magnet’s cross-section (6.35 mm 9

1.59 mm) at center. A 3D solver was used to compute the

field in a 0.5 m 9 0.2 m 9 2 m region containing the

permanent magnet (6.35 mm 9 1.59 mm 9 25.4 mm).

The magnetic field component perpendicular to the region

boundary all went to zero at the boundaries. Figure 3a

shows that analytical solutions of magnetic field match

both FEA solutions and experimental results reasonably

well. Figure 3b depicts the distribution of magnetic fields

inside the microfluidic channel using analytical solutions.

Figure 3c shows the normalized ferrofluid magnetization

inside the microfluidic channel. We concluded that EMG

408 ferrofluid in the microchannel was not fully saturated

under the permanent magnet. However, magnetic fields

produced by the magnet (40,000–80,000 A/m) were

approximately one order larger than saturation magneti-

zation of the ferrofluid (5,252 A/m), thus ‘‘demagnetiza-

tion’’ field of the non-magnetic particle can still be

neglected in the following analysis. Figure 3d shows

computed x and y components of the magnetic buoyancy

force on a 5 lm particle along line of symmetry (y0 = 0) of

the microchannel. The magnitude of force is on the order of

pN. The horizontal component (x) of force changes its

polarity at the center of the magnet (x = 0). Particles to the

left of the magnet experience x-direction deceleration and

move slower than the speed of ferrofluids; particles to the

right of the magnet experience x-direction acceleration and

move faster than the speed of ferrofluids. The vertical

y-component of magnetic buoyancy force is always posi-

tive. A particle entering the microchannel acquires a

non-zero y-direction speed, which leads to its deflection in

y-direction as it moves across the channel.

Figure 4a shows simulated trajectories of particles with

their diameters ranging from 1 to 10 lm. Flow rate, Q, at

the inlet was constant at 5 ll/min. Particles were assumed

to enter the microchannel at the center point (y0 = 0). We

found that there was a monotonic increment in the particle

deflection (calculated from |y0(inlet) - y0(outlet)|) with

increasing particle size. Figure 4b depicts a quadratic

relationship between deflections and sizes of particles at

different flow rates. Particles of different diameters were

assumed to be flowing at the center-plane in the z-direction

of the microchannel, where flow speed of ferrofluids in the

Fig. 3 a Comparison of simulated (analytical model and FEA) and

measured magnetic field strength produced by the permanent magnet.

The magnetization and geometry of the permanent magnet are

described in the main text. The plot shows the y-component of the

magnetic field strength at the center of the magnet (z = 0) decreases

as the distance between the surface of the magnet and Hall sensor

inside the Gauss meter probe increases. b Simulated magnetic field

distribution in the microchannel (unit of surface plot: A/m).

c Simulated normalized ferrofluid magnetization in the microchannel.

d Simulated x and y components of the magnetic buoyancy force on a

5 lm particle along the line of symmetry (y0 = 0) in the microchannel
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x-direction was maximal and constant. Under such condi-

tion, the time it takes for particles of different sizes to

travel across the microchannel is also constant. The qua-

dratic relationship can then be explained through a simple

force analysis. Magnetic buoyancy force is proportional to

the volume of the particle (Dp
3), while hydrodynamic vis-

cous drag scales only with the diameter of the particle Dp.

Therefore, particle velocity in the y-direction balanced by

both magnetic buoyancy and hydrodynamic drag force

depends on Dp
2, which explains the quadratic relationship

between particle deflections and sizes in theory. In exper-

iments, however, the particles were not flowing at the

center-plane in the z-direction of the channel. In fact, vir-

tually all particles were pushed into contact with the

Fig. 5 a Simulated and measured speed (vp,x) of particles (4.8 lm

and 7.3 lm in diameter) when the particles are in contact of the

channel surface as a function of the mean flow rate (�vf ) in the

microchannel. b Simulated and measured deflections of the particles

(4.8 lm and 7.3 lm in diameter) when the particles are in contact of

the channel surface

Fig. 4 a Simulated trajectories of particles (1 lm to 10 lm in

diameter) in the microchannel at a constant flow rate of 5 ll/min.

b Simulated deflections of particles from the inlet to the outlet (1 cm

distance) at different flow rates (5–25 ll/min) when the particles are

at the center-plane in the z-direction of the microchannel. c Simulated

deflections of particles from the inlet to the outlet (1 cm distance) at

different flow rates (5–25 ll/min) when the particles are in contact

with the channel surface (zp = 0)
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bottom surface of the channel to help the experimenter

visualize fluorescence from the particles. Due to the

opaqueness of ferrofluids, fluorescent particles are only

visible when they are very close to surfaces of the micro-

fluidic channel. In our experiments, to ensure that all par-

ticles were close to the bottom surface of the microchannel,

we moved the permanent magnet slightly in the positive

z-direction. This in turn created a negative z-direction

component of magnetic buoyancy force that can push

particles towards the bottom surface of the channel.

Magnitude of the force is on the order of 1 pN for 2 lm

particles, which is much larger than the net force due to

gravity and fluid buoyancy of particles. As a result, the

particles were quickly pushed towards the bottom surface

of the channel, balanced by hydrodynamic viscous drag

force, with a mean speed of *100 lm/s. We observed in

the experiments that all particles were pushed onto bottom

surface of the channel as soon as they entered the channel.

It should be noted that both x and y components of mag-

netic fields were affected by less than 1% with the per-

manent magnet being off-centered by 1 mm. In the

subsequent simulation, we assumed all particles are at the

bottom surface of the channel, which makes zp = 0. In this

limit, fD = 3 according to Eq. 18, so that hydrodynamic

drag of a particle is three times larger than that when no

solid surface was in the vicinity of that particle (Liu et al.

2009; Gijs et al. 2010). Under this condition, the time it

takes for particles of different sizes to travel across the

microchannel is not constant any more. When a particle is

in contact with the surface of the channel, its diameter

directly determines the z-location of the particle center and

its corresponding flow plane in the z-direction. As a result,

larger particles travel faster than smaller ones when zp = 0

in a rectangular microchannel channel. Therefore, larger

particles have a shorter residual time in the microchannel

compared to small ones, resulting in overall smaller

deflections compared to the results obtained in Fig. 4b

under the assumption that all particles travel at the same

speed. Figure 4c depicts such relationship between

deflections and sizes of the particles when zp = 0.

Figure 5a compares measured speeds of the particles

(4.8 lm and 7.3 lm in diameters) in experiments extracted

from sequential fluorescent images to the simulated particle

speeds using the analytical model under zp = 0 condition.

These two speeds agreed reasonably well, indicating that

particles in the experiments were indeed in contact with the

channel surface. Figure 5b shows the comparison between

theoretically and experimentally obtained deflections of

both 4.8 lm and 7.3 lm particles at different particle

velocities. Theoretical deflections were calculated from

|y0(inlet) - y0(outlet)|, where y0(inlet) and y0(outlet) were

y-locations of particles in the microchannel at the inlet

and outlet, respectively. Experimental deflections were

extracted from the sequential fluorescent images. Both

values again agreed reasonably well, confirming the

validity of our analytical model in predicating the trajec-

tories of the particles.

5 Conclusion

We developed an analytical model of transport of non-

magnetic spherical microparticles in ferrofluids in a

microfluidic system that consists of a microchannel and

a permanent magnet. The permanent magnet produced a

spatially non-uniform magnetic field that gave rise to a

magnetic buoyancy force on particles within the ferrofluid-

filled microchannel. We derived the equations of motions

for particles using analytical expressions for dominant

magnetic buoyancy and hydrodynamic viscous drag forces.

The results from the model indicated that the particles

would be increasingly deflected in the direction that was

perpendicular to the flow when the size of the particles

increased, or when the flow rate in the microchannel

decreased. ‘‘Wall effect’’ has shown significant conse-

quence on the trajectories and overall deflections of parti-

cles. Experimental results confirmed the validity of our

analytical model. The analytical model developed in this

paper is simple, easy to implement, and useful for quick

optimization of future separation and manipulation devices

that are based on ferrofluids.
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