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Abstract We present an analytical model that can predict

the three-dimensional (3D) transport of non-magnetic

particles in magnetic fluids inside a microfluidic channel

coupled with permanent magnets. The magnets produce a

spatially non-uniform magnetic field that gives rise to a

magnetic buoyancy force on the particles. Resulting 3D

trajectories of the particles are obtained by (1) calculating

the 3D magnetic buoyancy force exerted on the particles

via an analytical distribution of magnetic fields as well as

their gradients, together with a nonlinear magnetization

model of the magnetic fluids, (2) deriving the 3D hydro-

dynamic viscous drag force on the particles with an ana-

lytical velocity profile of a low Reynolds number

ferrohydrodynamic flow in the channel including ‘‘wall

effect’’ and magnetoviscous effect of the magnetic fluids,

and (3) constituting and solving the governing equations of

motion for the particles using the analytical expressions of

magnetic buoyancy force and hydrodynamic viscous drag

force. We use such a model to study the particles’ trajec-

tories in the channel and investigate the magnitude of their

deflections at different flow rates, with different properties

of magnetic fluids and different geometrical parameters of

the system.

Keywords Microfluidics � Particle transport �
Magnetic fluids � Ferrofluids � Three-dimensional �
Particle separation

1 Introduction

Microfluidic particle transport has generated a lot of

enthusiasm in the past decade for its potential applications

in diagnostics (Nagrath et al. 2007; Adams et al. 2008;

Hoshino et al. 2011; Mao and Huang 2012b), therapeutics

(Toner and Irimia 2005; Yung et al. 2009) and environ-

mental monitoring (Liu et al. 2004; Beyor et al. 2008;

Dharmasiri et al. 2010). Techniques developed to transport

particles and cells so far were mainly based on their

intrinsic physical properties for manipulation specificity

(Pamme 2007; Tsutsui and Ho 2009; Gossett et al. 2010;

Lenshof and Laurell 2010; Robert et al. 2011; Mao and

Huang 2012a; Tarn et al. 2013). Thanks to their high

throughput, low-cost and lacking of labeling steps in most

cases, these techniques were often preferred over existing

label-based macro-scale techniques such as fluorescence-

activated sorter (FACS) (Bonner et al. 1972). Among them,

those based on passive microchannel geometry including

pinched flow fractionation (Yamada et al. 2004) and

deterministic lateral displacement (Huang et al. 2004;

Davis et al. 2006) combined laminar flows with micro-

channel structures to direct particles of different sizes or

deformability (McFaul et al. 2012) into separate stream-

lines. At the same time, external energy inputs including

acoustic, electric and magnetic forces have also been used

for manipulations. For instances, acoustophoresis was used

to separate particles and cells according to their size,

density, as well as compressibility (Laurell et al. 2007; Shi

et al. 2009; Wang and Zhe 2011). Dielectrophoresis (DEP)

realized low-cost and integrated devices for cell manipu-

lation (Voldman 2006; Pethig 2010). Magnetophoresis was

applied to separate paramagnetic red blood cells or bacteria

from other species (Zborowski et al. 2003; Lee et al. 2004).

Magnetophoresis is a label-based technique (Pamme 2006;
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Liu et al. 2009; Gijs et al. 2010), which could be manually

intensive and time-consuming when compared to label-free

techniques. Recently, non-magnetic particles, cells and

droplets manipulation in magnetic fluids have been inves-

tigated for its unique advantage as a label-free technique

(Kose et al. 2009; Zhu et al. 2011a; Shen et al. 2012). It is

often referred as ‘‘negative magnetophoresis’’. Non-mag-

netic objects within magnetic fluids, experiencing a

volume-dependent magnetic buoyancy force under a non-

uniform magnetic field, can be manipulated toward the

weaker field direction, enabling many different microflu-

idic applications including particles assembly (Yellen et al.

2005; He et al. 2010), particles trapping (Winkleman et al.

2004; Zhang et al. 2011), particles focusing (Zhu et al.

2011a; Zeng et al. 2012), particles and cells separation

(Kose et al. 2009; Shen et al. 2012; Vojtı́šek et al. 2012;

Zhu et al. 2012).

Commonly used magnetic fluids for microfluidic

manipulations include both paramagnetic salt solutions and

ferrofluids. Aqueous solutions of paramagnetic salts of

elements, such as manganese and gadolinium having

unfilled inner subshells with unpaired electrons, provide

low-susceptibility and high-saturation magnetic fluids. For

instance, the typical susceptibility of MnCl2 is on the order

of 10-4, and its saturation magnetization at 20 Tesla can

reach 104 A/m at a solubility limit of 1,470 kg/m3

(Rosensweig 1985). Ferrofluids, on the other hand, are

colloidal suspensions of magnetic nanoparticles (Rosen-

sweig 1985). These nanoparticles, normally magnetite

(Fe3O4) with approximate 10 nm diameter, are covered by

either electrostatic or steric surfactants to keep them apart

and suspended within a compatible carrier medium. Con-

centrations of nanoparticles can be adjusted in ferrofluids

with a maximum volume fraction up to 10 %. Suscepti-

bility of ferrofluids can reach as high as 1, approximately

4–5 orders larger than a typical paramagnetic salt solution.

Saturation magnetization of ferrofluids depends on its

material type and volume fraction of magnetic materials. A

magnetite-based ferrofluid with 1 % volume fraction has a

saturation magnetization of 4.46 9 103 A/m. Compared to

paramagnetic salt solutions, ferrofluids have both higher

initial magnetic susceptibility and higher magnetization at

practical magnetic fields from a permanent magnet (less

than 1 Tesla). These attributes of ferrofluids could lead to

fast manipulation of non-magnetic objects in them, ren-

dering high throughput in separation devices (Zhu et al.

2010, 2012).

Magnetic fields can be produced by either a permanent

magnet or a microfabricated electromagnet. The features

and capabilities of different magnetic field sources in

microsystems have been well documented (Liu et al.

2009; Gijs et al. 2010). Compared to microfabricated

electromagnets, permanent magnets generally have large

magnetic fields but smaller field gradients. On the other

hand, permanent magnet-based devices do not need

expensive microfabrication process or auxiliary power

supply. They are easy to operate and do not generate heat

during operation. These advantages may overweigh its

drawback in applications where low-cost and simple

operation is preferred.

Fast optimization of these permanent magnet-based

microfluidic devices is critical to their applications. It has

been experimentally demonstrated that particles’ transport

in ferrofluids was directly affected by the magnetic buoy-

ancy force and hydrodynamic viscous drag force, both of

which were dependent on parameters such as fluid prop-

erties and device geometries (Zhu et al. 2010, 2011a, b,

2012). For instance, they include ferrofluids flow rate,

concentration of ferrofluids, microchannel geometry and

magnet dimension. Systematic optimization of these

parameters via experimental methods takes too much time

and resources. Therefore, analytical models of particles’

transport are often favored to enable accurate and fast

parametric optimization of microfluidic system before

device fabrication. A two-dimensional (2D) analytical

model of magnetophoresis has been developed for such

purpose (Furlani 2006, 2007; Furlani and Sahoo 2006).

Similarly, a 2D ‘‘negative magnetophoresis’’ model was

later developed to investigate the transport of non-magnetic

particles in magnetic fluids and its validity has been con-

firmed by experimental results (Zhu et al. 2011b). Here, we

present a three-dimensional (3D) analytical model of

microfluidic particle transport in magnetic fluids. The 2D

model developed before only considers particle transport in

the plane that is perpendicular to the channel depth, and

assume the particle is fixed at a specific position along the

channel depth. This assumption is not valid in most of

realistic experimental setups, where particles are free to

flow along the channel depth, on which its velocity closely

depends. Our new model on the other hand provides

comprehensive information of particles’ trajectory in 3D

and is much closer to real experimental conditions. It takes

into account important optimization parameters including

fluid properties, magnet dimensions and relative positions

of the magnet to the channel, and provides crucial infor-

mation such as magnetic fields distribution, forces, particle

velocity and trajectory in 3D. We envision this model can

be used to perform quick and accurate 3D parametric

optimizations for magnetic fluid-based microfluidic devi-

ces. The 3D model developed here is not limited to per-

manent magnet-based devices; it can also be applied

toward electromagnet-based microfluidic systems provided

that the expressions of magnetic field distribution are

known.
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In the following sections, we start by obtaining the

magnetic field distribution through an analytical formula,

and then introduce the dominant forces in our model, fol-

lowed by a discussion on magnetoviscous effect of mag-

netic fluids. A coupled ordinary differential equation

(ODE) system consisted of equations of particles motion in

3D is solved numerically to obtain particles transport in a

rectangular microchannel coupled with permanent mag-

nets. Dependence of particles’ transport on fluid properties

and microchannel/magnet dimensions are summarized and

discussed.

2 Theory

A non-magnetic object of micrometer size in a micro-

channel filled with magnetic fluids experiences several

types of forces under the influence of a permanent

magnet (Furlani 2006). It has been shown that the

magnetic buoyancy force and hydrodynamic viscous drag

force were the dominant forces when compared to

gravitational, buoyant, diffusive and Derjaguin-Landau-

Verwey-Overbeek (DLVO) forces (Zhu et al. 2011b).

DLVO force is a combination of the van der Waal’s

force and the electrostatic force between particles and

surfaces. Both forces can be rendered repulsive after

proper chemical treatment of the channel to avoid

undesirable surface problems such as particles sticking to

the channel surface (Liu et al. 2009). DLVO force can

then be neglected. Therefore, we will focus our discus-

sion on these two forces that start with an analysis of

magnetic fields.

2.1 Magnetic field analysis

An analytical expression was used to simulate 3D magnetic

field strength distribution H~ x; y; zð Þ produced by a rectan-

gular permanent magnet (Furlani 2001). As shown in

Fig. 1, a rectangular magnet is placed at the origin of the

Cartesian coordinates.

Because of the symmetric configuration of the magnet,

x component and z component of the magnetic field

strength, Hx and Hz, have similar expressions as

Hx ¼
Ms

4p

X2

k¼1

X2

m¼1

�1ð Þkþm

� ln
z� z1ð Þ þ x� xmð Þ2þ z� z1ð Þ2þ y� ykð Þ2

h i1=2

z� z2ð Þ þ x� xmð Þ2þ z� z2ð Þ2þ y� ykð Þ2
h i1=2

8
><

>:

9
>=

>;

ð1Þ

Hz ¼
Ms

4p

X2

k¼1

X2

m¼1

�1ð Þkþm

� ln
x� x1ð Þ þ x� x1ð Þ2þ z� zmð Þ2þ y� ykð Þ2

h i1=2

x� x2ð Þ þ x� x2ð Þ2þ z� zmð Þ2þ y� ykð Þ2
h i1=2

8
><

>:

9
>=

>;

ð2Þ

Parallel to the direction of polarization, y component of

magnetic field strength Hy is

Hy ¼
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Here, Ms is magnetization of the permanent magnet. Magnetic

fields produced by a rectangular magnet can be fully repre-

sented by Eqs. (1), (2) and (3) in 3D. From the expressions of

magnetic field strength, we obtained field gradients in an

analytical manner using a mathematical tool Maple Version

14 (Waterloo Maple Inc. Waterloo, Ontario, Canada). The

expressions of field gradients are too long to list here.

2.2 Magnetic buoyancy force

Non-magnetic objects inside magnetic fluids under a non-

uniform magnetic field experience a magnetic buoyancy

force F~m, which can be derived from a Maxwell stress

tensor (Rosensweig 1985).

Fig. 1 A rectangular permanent magnet located in Cartesian coor-

dinates with its magnetization facing negative y-direction. Eight

corners of the magnet are at (x1, y1, z1), (x1, y1, z2), (x1, y2, z1), (x1, y2,

z2), (x2, y1, z1), (x2, y1, z2), (x2, y2, z1) and (x2, y2, z2)
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F~m ¼
ZZ
� 1

2
l0M2

n þ l0

ZH

0

MdH

0

@

1

An~dS ð4Þ

Equation (4) presents the magnetic buoyancy force in its

integral form, in which S is the surface just enclosing a non-

magnetic object in magnetic fluids, n~ is a unit vector with its

direction pointing normally outwards the surface, H is the

magnitude of magnetic field strength, and M is the magnitude

of magnetization of magnetic fluids with its normal component

Mn in regard to the enclosing surface. With dilute magnetic

fluids and intense magnetic fields, 1
2

M2
n

�
�MH � 1, where �M is

field-averaged magnetization of magnetic fluids. Therefore,

magnetic buoyancy force on a non-magnetic object inside

magnetic fluids can be simplified to

F~m ¼ �l0V M~ � r
� �

H~ ð5Þ

Here, V is volume of the non-magnetic object

immersed in the magnetic fluid, M~ is the vector of

magnetization, and H~ is the vector of magnetic field

strength at the center of the particle. The presence of a

minus sign in front of the expression indicates that the

magnetic buoyancy force is pointing in the direction of

the weaker magnetic field.

Under the condition of non-interacting magnetic nano-

particles in dilute ferrofluids, the magnetic fluid is mag-

netized by external fields following a Langevin function

(Rosensweig 1985) that can be described as

M Hð Þ
/Md

¼ L jð Þ ¼ coth jð Þ � 1

j

where

j ¼ l0pMdd3H

6kBT
ð6Þ

Here, Md is bulk magnetization of magnetic nanoparticles

of diameter d, which are suspended in a carrier medium

with volume fraction /. kB is the Boltzmann constant, and

T is the temperature.

Expanding Eq. (5) in 3D, we obtain the expression of

magnetic buoyancy force as

F~m ¼ �l0V
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For systems with more than one permanent magnet

(n [ 1, n is the number of magnets), magnetic fields can be

superimposed and the magnetic buoyancy force takes the

expression of

2.3 Hydrodynamic viscous drag force

Reynolds number in a typical microfluidic system is very small

and much less than 1. As a result, microfluidic flow is laminar

and the hydrodynamic viscous drag force exerting on an object

is produced by the relative motion between the particle and its

surrounding fluid flow. Its expression takes the form of

F~d ¼ �3pgDp U~p � U~ f

� �
fD ð9Þ

Here, g is viscosity of magnetic fluids, Dp is diameter of a

spherical particle, U~p and U~ f are velocity vectors of

magnetic fluids and the particle, respectively, fD is

hydrodynamic drag force coefficient of a moving particle

considering the influence with a solid surface in its vicinity,

which is referred to as the ‘‘wall effect.’’ It is a resistance

function of hydrodynamic interaction between the particle

and the surface. Its appearance indicates the particle

experiences increased fluid viscosity as it moves closer to

the microchannel surface (Ganatos et al. 1980; Krishnan

et al. 1995; Staben et al. 2003),

fD ¼ 1� 9
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Here, D is the shortest distance between the channel wall

and the surface of the particle.

In order to evaluate the hydrodynamic drag force in

Eq. (9), the velocity profile of a fully developed laminar

flow in a rectangular microchannel of width wc and height

hc can be analytically described as (Brody et al. 1996;

Ichikawa et al. 2004)
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Uf y; zð Þ ¼ pQ
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Here, Q is the flow rate and the channel is set in Cartesian

coordinates shown in Fig. 2a. The smallest dimension of

the microchannel used in our simulation is on the order of

10 lm, much larger the diameter of the fluidic channel in

which ‘‘slip’’ boundary condition becomes evident (Huang

et al. 2006; Wang and Zhao 2011). Therefore, we choose to

use ‘‘non-slip’’ boundary conditions when obtaining the

velocity profile in the microchannel. Figure 2b depicts a

representative flow profile in the cross-section y–z plane.

2.4 Magnetoviscous effect of ferrofluids

The phenomenon of field-dependent changes in viscosity of

a suspension of magnetic nanoparticles is known as mag-

netoviscous effect (Odenbach 2002). Viscosity of ferrofl-

uids without magnetic fields depends on two parameters:

average diameter d and total volume fraction / of magnetic

nanoparticles (Rosensweig 1985; Odenbach 2002). These

two parameters can be used in a model to predict viscosity

of magnetic nanoparticles as simple mixture of solids and

liquids (Odenbach 2002)

g ¼ gc 1� 5

2

d þ 2e
d

� �3

/þ 5

2
/c � 1

� �
d þ 2e

d

� �6 /
/c

� �2
" #�1

ð12Þ

Here, g and gc are the viscosities of a ferrofluid and its carrier

liquid, respectively, d is the average diameter of magnetic

nanoparticles, and e is the thickness of surfactant layer on the

surface of a nanoparticle; / is the volume fraction of mag-

netic nanoparticles, and /c is an empirical value of 0.74 for

ferrofluids (Rosensweig 1985; Odenbach 2002).

When ferrofluids are placed under strong magnetic

fields, magnetic nanoparticles in them tend to form rigid

chains aligning to the field direction, which leads to a

larger velocity field gradient surrounding the particles and

an increase in the overall fluid viscosity. Rosensweig

(1985) obtained the following expression to relate viscosity

changes to a magnetic field

Dg
g
¼ 3

2
/

0:5jL jð Þ
1þ 0:5jL jð Þ sin hð Þ2 ð13Þ

Here, Dg is the increase in viscosity due to the presence of

the magnetic field, L(j) and j is the Langevin function and

its parameter defined in Eq. (6), h is the angle between the

flow vortex and the local magnetic field. According to

Eq. (13), the maximum percentage of the viscosity increase

Dg is

Dg
g

� �

max

¼ 3

2
/ ð14Þ

Based on the Eq. (14), the increase in ferrofluids viscosity

caused by the presence of a magnetic field is only a few

percent for dilute ferrofluids. Magnetoviscous effect is

typically more pronounced in ferrofluids with higher con-

centration (*10 %) where particle–particle interaction

starts to dominate (Odenbach 2002). Practical ferrofluids

used for microfluidic particles manipulation are mostly

water-based with volume faction on the order of 1 %.

Therefore, we chose to ignore magnetoviscous effect in our

model for simplicity.

2.5 Governing equations of particle motion

Because of the low Reynolds number in a microchannel,

inertial effects on the particle are negligible and the motion

of a non-magnetic particle in ferrofluid is determined by

the balance of hydrodynamic viscous drag force and

magnetic buoyancy force.

F~m þ F~d ¼ 0 ð15Þ

Rewrite the particle velocity U~p as the time derivate of

its position, we have

Equation (16) is a coupled ordinary differential equation

Fig. 2 a Dimensions of a microchannel (listed in Table 1) with length lc, height hc and width wc. A laminar flow with flow rate 6 lL/min is

introduced into the channel in positive x-direction. b A representative velocity distribution in the y–z plane at flow rate 6 lL/min
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(ODE) system for the particle trajectory in 3D. We use a

fourth-order Runge–Kutta time integration scheme to solve

this ODE system.

3 Results and discussion

3.1 Simulation of the 3D magnetic fields

Previously, a case of magnetophoresis in 2D was studied in

Anne-Laure Gaussner et al.’s paper (2009) with magnets

arranged in repulsive and attractive configurations. In their

work, 2D field distribution was simulated using finite ele-

ment method (FEM). We choose to compare results from

our 3D and analytical model to theirs using same simula-

tion parameters except the length of the magnet in

z-direction is set to be very large (w/l = 10,000) so that our

3D model reduces to a 2D one because of symmetry.

Figure 3a depicts the configuration of the magnets used in

this simulation. Figure 3b–f shows the magnetic field and

force distributions using exactly the same parameters in

Anne-Laure Gassner et al’s. paper (2009). Our analytical

results agree extremely well to their FEM results. We will

use this fast and precise analytical magnetic field model in

studying particles’ trajectories in magnetic fluids.

3.2 Simulation of a permanent magnet-based

separation device

Using permanent magnets to focus and separate non-

magnetic particles and cells in ferrofluids has been exper-

imentally studied recently (Zhu et al. 2010, 2011b; Liang

Fig. 3 a A pair of rectangular permanent magnets with their

magnetization in y-direction. The dimensions of the magnets are

labeled as l, h, w while w/l = 10,000 and the distance s between them

is fixed at 200 lm. b Relationship between the y component of

magnetic flux density By along y-direction at x = 0 and the ratio

l/s = (A) 10, (B) 7.5, (C) 5, (D) 3, (E) 2, (F) 1.5, (G) 1, (H) 0.5, (I)

0.25 when the magnets are placed in an attractive manner.

c Relationship between the y component of magnetic flux density

By along y-direction at x = 0 and the ratio l/s = (A) 10, (B) 7.5, (C) 5,

(D) 3, (E) 2, (F) 1.5, (G) 1, (H) 0.5, (I) 0.25 when the magnets are

placed in a repulsive manner. d Relationship between the x component

of magnetic force Fx along x-direction at y = 0 and the ratio l/s = (A)

10, (B) 5, (C) 2, (D) 1, (E) 0.5 when the magnets are placed in an

attractive manner. e Relationship between the x component of

magnetic force Fx along x-direction at y = 0 and the ratio l/s = (A)

10, (B) 5, (C) 2, (D) 1, (E) 0.5 when the magnets are placed in a

repulsive manner. d Relationship between the x component of

magnetic force Fx along x-direction at y = 0 and the ratio l/s = (A)

10, (B) 5, (C) 2, (D) 1, (E) 0.5 when there is only one magnet. All

calculations are done on a particle with 1 lm diameter and initial

susceptibility of 1. These parameters are chosen to be the same in

Anne-Laure Gassner et al’s paper (2009)
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et al. 2011). In these studies, non-magnetic objects were

mixed with ferrofluid and introduced into a ferrofluid-filled

microchannel. These objects experienced magnetic buoy-

ancy force on them and were deflected out of their flow

paths toward the weaker magnetic field direction. Object of

larger size experienced larger magnetic force. This size-

based deflection was used for focusing and separation of

particles and cells. Here, we study a single permanent

magnet-based ferrofluidic device and investigate the

dependence of particle deflection on both fluidic and geo-

metric parameters. The system considered in our model

consists of a microfluidic channel and a permanent magnet

with dimensions illustrated in Fig. 4.

We consider a 3D model, in which a rectangular magnet

of length lm, height hm and width wm is symmetrically

aligned to a rectangular channel of length lc, height hc and

width wc as shown in Fig. 4. Symbols Dy and Dz are rel-

ative distances between the magnet and the channel in

y and z-directions, respectively. Ferrofluid flow is intro-

duced into the microchannel in positive x-direction, while

the particles are released at left bottom point with the

coordinate (-lc/2,-hc/2, 0) in Fig. 4a. When there is no

magnetic field, the particles follow their laminar paths and

exit the channel at the right-bottom point of coordinate

(lc/2,-hc/2, 0) in Fig. 4a. When a rectangular magnet is

placed at the center of the channel length with its magnetic

pole perpendicular to the channel wall, its field magnetizes

the ferrofluid within the channel and subsequently deflects

the particle trajectories toward positive y-direction, as

shown in Fig. 4a, b. We use parameters listed in Table 1 in

our simulation. These parameters are chosen to mimic a

typical microfluidic separation device using ferrofluids.

Figure 5 shows the simulated strength and directions of

magnetic fields and magnetic buoyancy forces on a 4-lm-

diameter non-magnetic particle in our system, as well as

the 3D trajectories of non-magnetic particles with diameter

ranging from 2 to 8 lm.

The surface plot in Fig. 5a shows magnitudes of mag-

netic fields of x–y plane at z = 0. Magnetic fields decay

quickly from the surface of magnet and form a gradient that

results in magnetic buoyancy force on particles in both x-

and y-directions, as indicated in Fig. 5b. Consequently,

non-magnetic particles experiencing such force after

entering the channel decelerate in x-direction and acceler-

ate in y-direction. Force computed on a spherical micro-

particle of 4 lm diameter, with its total volume close to

30 lm3, is on the order of 10 pN. Particle mixtures are

deflected differently by the magnetic buoyancy force

toward the end of channel, as shown in Fig. 5c with sim-

ulated trajectories. From the trajectories of particles with

different diameters in Fig. 5c, larger particles experience

larger magnetic buoyancy forces, which result in larger

deflection in y-direction. Figure 5d–f illustrates distribution

of magnetic fields and forces on y–z plane at x = 0, as well

as the projection of particles’ trajectories, while Fig. 5g–i

depicts the cases of x–z plane at y = 0. The total deflection

of a particle in this configuration is a product of their

y-direction migration velocity and their residual time in the

channel. We notice that particles are quickly pushed down

in z-direction toward the bottom surface after they enter the

channel. This significantly affects their flow velocities in

x-direction as the ferrofluid flow profile has a parabolic

shape across the channel depth. The closer the particles to

the channel surface, the slower their flow velocities are.

The residual time of the particles will increase as a result,

which will in turn affect their overall deflection. On the

other hand, as the particles approach the channel surface,

they experience an increased fluid viscosity because of the

‘‘wall effect.’’ This will affect their migration velocity in y-

direction and their overall deflection, too. Therefore,

locations of particles in z-direction (channel depth) are

critical information that should be available to the inves-

tigators and can only be simulated through a true 3D

model.

3.3 Effects of physical properties on particle deflection

Both the magnetic buoyancy force and hydrodynamic drag

force are greatly impacted by physical properties of fer-

rofluids and permanent magnets. Studying the effect of

these properties on particle deflection is critical in opti-

mizing magnetic fluid-based microfluidic devices. We

focus our discussion on four important physical properties

in our system including ferrofluid flow rate Q, magnetiza-

tion of permanent magnet Ms, volume fraction of magnetic

materials in ferrofluids / and average diameter of magnetic

nanoparticles d.

Figure 6 summarizes the dependence of particle

deflection Ddeflection, particle residual time in the channel

t and average particle velocity in y-direction UD on the

above-mentioned four properties. All other parameters in

this simulation remain the same as they are listed in

Table 1. Figure 6a shows the particle deflection (Ddeflection,

Blue square), residual time (t, green circle) and the particle

velocity (UD, red diamond) at different flow rates Q of the

ferrofluid. When the flow rate increases, the residual time

t of the particles decreases, resulting in a smaller deflection

Ddeflection for the particle. The average particle velocity in

y-direction UD increases in our simulation. Generally

speaking, UD is determined by balancing magnetic and

hydrodynamic viscous forces. In a system where only flow

rates are changing, UD should remain the same. This is true

only in 2D cases. In our 3D model though, we consider an

additional dimension of z-direction, which makes particles’

trajectories more complicated than the 2D case. At a

smaller flow rate, particles are pushed down toward the
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channel surface earlier than at a higher flow rate. Moving

along channel surfaces increases the fluid viscosity the

particle sees, which in turn decreases its migration velocity

UD in y-direction. This effect appears to be vital in deter-

mining overall particle trajectory and can be fully studied

in our 3D model. Figure 6b shows the effect of magneti-

zation Ms of the magnet on particle deflection. Strength of

magnetic field H~ of a permanent magnet is proportional its

remanent magnetization Ms. Larger magnetic fields natu-

rally lead to larger magnetic buoyance forces on particles,

rendering a increase of UD and Ddeflection. Figure 6c, d

shows the dependence of particle deflection on physical

properties of ferrofluids including volume fraction / and

average diameter d of magnetic nanoparticles in the fluid.

We discuss these two properties together because of their

effects on particle deflection are alike. First, both of their

increases will give rise to the magnetization of ferrofluids

according to Eq. (6), which increases the magnitude of

magnetic buoyancy force. Second, their increases will also

raise the viscosity of ferrofluids according to Eq. (12), and

eventually increase the magnitude of hydrodynamic drag

force, which is always against the magnetic buoyancy force

as it tries to minimize the relative motion between the

particles and the fluid. Considering the practical range of /
and d for typical water-based ferrofluids used in micro-

fluidics, and other realistic experimental conditions,

enhancement of the magnetic buoyancy force by increasing

these two parameters appears to be larger than that of

hydrodynamic drag force, as evidenced by Figs. 6c, d

where Ddeflection and UD both increase for larger values of

/ and d.

3.4 Effects of geometrical parameters on particle

deflection

In addition to physical properties, geometrical parameters

such as dimensions of the permanent magnet and relative

positions between the magnet and the channel have sig-

nificant effects on particle deflection. In this section, we

will discuss the effects of these parameters. In order to

represent dimensions and relative positions of the magnet,

Fig. 4 a Schematic

representation of the

microchannel with a permanent

magnet in x–y plane. b Cross

section of the device. All the

dimensions of channel (lc, hc,

wc) and magnet (lm, hm, wm) as

well as their relative positions

(Dy, Dz) are labeled

Table 1 Physical and geometrical parameters used in the simulation

Symbol Name Initial value

Constants

jB Boltzmann constant 1.38 9 10-23 J/K

l0 Permeability of free space 4p 9 10-7 H/m

/c Critical volume fraction 0.74

Environmental conditions

T Temperature 298 K

Non-magnetic particles

Dp Diameter 4 lm

Ferrofluid:

d Diameter of the nanoparticles 10 nm

e Thickness of the coating layer 2 nm

Md Bulk magnetization of Fe3O4 4.46 9 105 A/m

/ Volume fraction of magnetic

nanoparticles

0.01

gc Dynamic viscosity of carrier

liquid (water)

1 mPa.s

Q Flow rate of ferrofluid 6 lL/min

Permanent magnet

Ms Magnetization of magnet 3.18 9 105 A/m

lm Length of magnet 5 mm

hm Height of magnet 8 mm

wm Width of magnet 3 mm

Microchannel

lc Length of channel 20 mm

hc Height of channel 3 mm

wc Width of channel 0.05 mm

Relative distance

Dy Between channel and magnet

in y-direction

1 mm

Dz Between channel and magnet

in z-direction

1.5 mm

Microfluid Nanofluid

123



we keep its width wm as a constant while changing its

length lm and height hm. The magnet and channel are

equally divided by y-axis in x–y plane as shown in Fig. 4a.

We vary the relative position between the magnet and the

channel in y–z plane, which is labeled by Dy and Dz, as

shown in Fig. 4b. All of the above variables (lm, hm, Dy,

Dz) are normalized through dividing them by the width of

magnet wm. As a result, we obtain four dimensionless

parameters (a, b, c, d) in Eq. (17).

a ¼ lm

wm

; b ¼ hm

wm

; c ¼ Dy

wm

; d ¼ Dz

wm

; ð17Þ

Fig. 5 Analytical three-

dimensional simulation of

magnetic field and force

distributions in the

microchannel, and trajectories

of particles with different sizes

(2–8 lm). Other simulation

parameters are listed in Table 1.

a–c x–y plane (z = 0), d–

f y–z plane (x = 0), g–i x–

z plane (y = 0) of magnetic

field strength (surface plot) (a,

d, g), magnetic force (surface

plot: force magnitude; arrow

plot: force direction; both are

calculated on a 4-lm-diameter

non-magnetic particle) (b, e, h),

and projection of particles’

trajectories (c, f, i). Dots

indicate starting points, while

crosses indicate ending points

of particles’ trajectories

Fig. 6 Simulation results of

particle deflection (Ddeflection,

blue square), residual time

(t, green circle) and average

particle migration velocity in

y-direction (UD, red diamond)

with respect to different a flow

rate Q; b residual magnetization

Ms; c volume fraction / and

d size of magnetic nanoparticles

d in ferrofluids (color figure

online)
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As it is discussed before, the total deflection of a particle

is a product of their y-direction migration velocity UD and

their residual time t. UD is proportional to the magnitude of

magnetic buoyance force and inversely proportional to the

fluid viscosity. t on the other hand depends on the location

of particle’s laminar flow layer and subsequently the

particle’s z location. We expect the magnetic field,

magnetic buoyance force, fluid viscosity, as well as the

particle’s z location will change as we vary any of the four

dimensionless parameters above. These changes in turn

will affect UD and t in a profound way resulting in overall

particle deflection Ddeflection change. The effects from these

parameters on particle velocity and residual time are highly

coupled. It is therefore difficult and counter-intuitive to try

to offer straightforward explanations for some of these

effects. Instead we will simply summarize our simulation

results on these parameters as follows. Figure 7 shows the

dependence of Ddeflection, UD and t on the four

dimensionless parameters. All other parameters in this

simulation remain the same as they are listed in Table 1.

Figure 7a shows the dependence of particle deflection

(Ddeflection, blue square), residual time (t, green circle) and

the average particle migration velocity in y-direction (UD,

red diamond) on a. Ddeflection has a monotonic increase

when a increases, because of the reduced residual time

t and increased UD. Figure 7b shows the effect of b on

particle deflection, while Fig. 7c shows the effect of

distance between the magnet and channel. As the magnet

is getting further away from the channel, both magnetic

field and force decrease, rendering smaller overall

deflection. Finally, Fig. 7d shows the effect of d, where it

appears to have a critical value of d = 0.15 leading

maximum particle deflection.

4 Conclusion

In conclusion, we develop a 3D analytical model to study

microfluidic motions of non-magnetic particles in magnetic

fluids. This model can predict magnetic fields and force,

hydrodynamic drag force, fluid flow profiles, particle

deflection, particle residual time and particle velocity in a

3D microfluidic system coupled with permanent magnets.

The model can be used to study and optimize magnetic

fluid-based devices on their physical properties and geo-

metrical parameters. The simplicity and the versatility of

this 3D model make it attractive for quick optimizations

and design of devices. We envision it will help design more

efficient microfluidic manipulation systems design based

on magnetic fluids.
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